Drops subjected to strong electric fields emit charged jets from their pointed tips. The disintegration of such jets into a spray consisting of charged droplets is common to electrospray ionization mass spectrometry, printing and coating processes, and raindrops in thunderclouds. Currently, there exist conflicting theories and measurements on the size and charge of these small electrospray droplets. We use theory and simulation to show that conductivity can be tuned to yield three scaling regimes for droplet radius and charge, a finding missed by previous studies. The amount of charge Q that electrospray droplets carry determines whether they are coulombically stable and charged below the Rayleigh limit of stability (Q R ) or are unstable and hence prone to further explosions once they are formed. Previous experiments reported droplet charge values ranging from 10% to in excess of Q R . Simulations unequivocally show that electrospray droplets are coulombically stable at the instant they are created and that there exists a universal scaling law for droplet charge, Q = 0:44 Q R .
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electrohydrodynamics | tip-streaming | microfluidics | charged drops | nonlinearity E lectrified drops have intrigued scientists, and studying them has proved useful for more than a century because of applications to fields as diverse as raindrops in meteorology (1, 2) , the liquid drop model in nuclear fission (3), and aerosol science (4) . Almost 100 years ago, Zeleny (5) and Wilson and Taylor (6) showed experimentally that a pendant drop hanging from a capillary and a sessile soap bubble sitting on a plate may be deformed into spheroidal shapes by subjecting them to an electric field. Moreover, if the field strength were sufficiently high, the tip of the pendant drop, and that of the sessile bubble, would take on a conical profile and emit a fine jet that would break up into a spray of small droplets. Subsequently, Nolan (7) and Macky (8) demonstrated experimentally that similar phenomena occurred when a spherical free drop bearing zero net charge was subjected to an electric field. In contrast to the pendant drop and the sessile soap bubble, an uncharged or neutral drop in a strong electric field forms two opposing conical ends and emits opposing jets of positively and negatively charged droplets. The conical menisci now are called Taylor cones (9) , and the emission of fine jets from the tips of the cones is referred to as electrohydrodynamic (EHD) tipstreaming (10) or EHD cone-jetting (11) . In the past few decades, it has become widely appreciated that the emission of charged jets from conical surfaces and the disintegration of such jets into aerosols of tiny charged droplets (electrospraying) are common to diverse but seemingly unrelated situations in technology and nature, including electrospray ionization mass spectrometry (ESI-MS) (12) , raindrops in thunderclouds (13) , and printing and coating processes (14) .
Interest in how charged jets and droplets form grew rapidly after Fenn and coworkers (12, 15 ) adapted Zeleny's approach by flowing a volatile solvent containing large biomolecules through an electrified capillary and developed the novel method of ESI-MS, now widely used for assaying macromolecules (16) and which resulted in the awarding of the 2002 Nobel Prize in Chemistry to John Fenn. The quest for a mechanistic understanding of electrospraying has led to the development of several competing and contradictory scaling laws to describe how the size of electrospray droplets and the emitted current should vary with fluid properties and other system parameters (17) (18) (19) (20) . These scaling laws, all of which have been developed to describe the important but limiting case of steady cone-jetting of fluids of high conductivity, are based on an analysis of the cone-to-jet transition region, asymptotically matched to the dynamics of the Taylor cone and a tip-streaming jet of indefinite length. Aside from the fact that such analyses require making ad hoc assumptions about the tip-streaming jet far from the transition region, they cannot predict how electrospray droplets actually are formed. An interesting result from the electrospray literature is that the radii of the small droplets thus formed are independent of viscosity if the conductivity of the fluid is high. More recently, Grimm and Beauchamp (21) adapted Nolan's and Macky's approach to generate desolvated ions in the gas phase and demonstrated that free drops also may be used in mass spectrometric analysis. Fig. 1 shows the evolution in time of an initially spherical, uncharged, free drop of a fluid of finite conductivity (Fig. 1A) subjected to a strong electric field, as in the experiments of Nolan (7), Macky (8) , and Grimm and Beauchamp (21) , determined by simulation (Materials and Methods). The simulation results show deformation of the drop into a nearly prolate spheroid (Fig. 1B) , formation of Taylor cones (Fig. 1C) , emission of tip-streaming jets (Fig. 1D) , and incipience of formation of two small electrospray droplets (each with a volume equivalent to a sphere of radius r, Fig. 1 E and F) . The new simulations and all previous experiments show that the radii of the tip-streaming jets and the electrospray droplets are orders of magnitude smaller than that of the parent drop. Given this disparity in length scales, we expect the phenomena to be universal (22) and therefore independent of whether pendant drops or free drops are used. We show in this paper that there are three scaling regimes for droplet size, a fact missed by previous studies. An issue of importance equal to that of droplet size is the coulombic stability of the small droplets. An isolated charged droplet of radius r was shown by Lord Rayleigh (1) to be stable to all infinitesimal amplitude perturbations when its charge Q is less than Q R , where Q R = À 64π 2 « G γr 3 Á 1=2 is known as the Rayleigh limit (Materials and Methods). A droplet with charge exceeding this limit is coulombically unstable and will explode in a manner analogous to the disintegration of an uncharged drop in a strong electric field (i.e., by cone-jetting) (23) . Previous estimates of the charge of droplets produced from EHD tip-streaming range from close to Q R to a tiny fraction thereof (24) . If droplets formed from EHD tip-streaming are unstable, or nearly so, the resulting aerosol will not be optimally monodisperse or of uniform charge distribution, which has important ramifications in applications. We show further that electrospray This article is a PNAS Direct Submission. 1 Oak Ridge National Laboratory, Oak Ridge, TN 37831. 2 To whom correspondence should be addressed. E-mail: obasaran@purdue.edu. droplets are coulombically stable at the instant they are created and present a universal scaling law for droplet charge.
Results and Discussion
The electrically induced disintegration of the drop (Materials and Methods) is governed by the axisymmetric Navier-Stokes system,
which is solved for the velocity v and pressure p inside the drop, and Laplace's equation,
for the electric potential Φ, and hence the electric field E = −∇Φ, in both phases. In the leaky-dielectric model (25, 26) , bulk density of free charge is zero but density of surface charge q along the L-G interface is governed by a surface charge transport equation:
Here, E L is the electric field evaluated along S f on the liquid side of the interface, n is the unit normal to S f , and ∇ s is the surface gradient. The source-like term on the right side of Eq. 4 represents charge transport from the drop to the free surface by ohmic conduction. Surface charge diffusion typically is insignificant relative to other modes of charge transport but is included here for completeness. All results discussed herein use Pe = 10 4 . Any increase in Pe above O( 10 4 ) has been shown to have no effect on the dynamics.
The electric field inside and outside the drop and the flow within the drop are coupled through the traction condition,
where −2H is twice the local mean curvature and the notation ½x G L denotes the jump in a quantity x, here the Maxwell stress, across the L-G interface; L and G denote quantities evaluated on the liquid and gas sides of S f , with c i = 1 on the gas side and c i = κ on the liquid side. Also along the L-G interface, the tangential electric field E t is continuous but the normal component of the electric displacement suffers a jump,
The prohibition of mass transfer across S f is guaranteed by the Previous studies (10, 17, 18, 27, 28) suggest that cone-jetting is nearly independent of the boundary conditions of the problem, such as the size of the original drop and the strength of the external electric field (so long as it exceeds the critical value required to destablize the interface). For the system considered here, if the radius and charge on the small droplets formed (Fig. 1F ) are independent of the global boundary conditions, dimensional analysis requires that r = l μ f ðκ;βÞ; Q = « G γl 3 μ 1=2 gðκ;βÞ: [6] Here, l μ = μ 2 =ργ is the viscous length, β ≡ t e =t μ , t μ = μ 3 =ργ 2 is the viscous time, and f and g are dimensionless functions of κ and β. In terms of the dimensionless groups used in this work, β = α/Oh 3 .
Are r and Q truly independent of the global length scale R and applied electric field strength jẼ 0 j? Consider the alternate dimensionless droplet radius r * ≡ r=l μ and charge
If this expectation is correct, we should find that r* and Q* are invariant with α and Oh, so long as κ and β are fixed. Results of simulations carried out to test this hypothesis are shown in Fig. 2 . The tip-streaming jet profiles shown in Fig. 2 A-D depict simulation results when β = 10 and κ = 7.5 over a wide range of α values. When scaled by the original drop radius R such that x = x=R , z = z=R , and r = r=R , the thickest jet/largest droplet shown is an order of magnitude larger than the thinnest jet/smallest droplet shown. However, when scaled by the viscous length, such that x * = x=l μ , z * = z=l μ , and r * = r=l μ , all these jet profiles collapse onto a single universal profile ( Fig. 2 E and F) . This universal profile captures every detail of the individual scaled profiles, including the sizes and shapes of the small droplet, the microthread connecting the droplet to the tip-streaming jet, and the shape of the transition region that connects the tipstreaming jet to the Taylor , and where Oh = (α/β) 1/3 . The radii of the droplets and the lengths of the tip-streaming jets shown here, which have both been scaled by the original drop radius R , vary from the smallest to the largest by an order of magnitude. (E and F) If, however, l μ is used as the length scale in both the axial and radial directions, all the profiles in A-D collapse onto a single universal profile for the entire length of the tip-streaming jet, including the transition region that connects the tip-streaming jet to the Taylor cone. This demonstrates conclusively that the dynamics of EHD tip-streaming are independent of the size of the original drop. In this figure, κ = 7.5 and Γ = 0.2. , respectively. In both this figure and Fig. 4 , the subscript fit denotes lines of best fit for results from simulations.
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been obtained for other combinations of κ and β, indicating that EHD tip-streaming indeed is independent of the global scales in the problem (Materials and Methods).
Having shown that when properly scaled, EHD tip-streaming is solely a function of β and κ, we now seek to determine how these parameters influence r* and Q*. Before doing so, it is instructive first to consider two limiting cases: β → ∞ and β → 0.
The limit β → ∞ may be realized if the drop is perfectly insulating (σ → 0 and hence t e → ∞) and/or inviscid (μ → 0 and hencet μ → 0). As was shown recently for the closely related problem of tip-streaming from a semi-insulating film (10), tipstreaming should not occur for any of the interpretations of this limit. The mechanism responsible for the formation of a tipstreaming jet (10) requires that a strong tangential electric stress, τ e = qE t (25) , exist near the tip of the developing Taylor coneimpossible for a perfect insulator because the density of surface charge q = 0. Moreover, this electric shear stress must be balanced by a viscous shear stress-impossible for an inviscid liquid because its viscosity μ = 0-which is required for transporting momentum into the interior of the drop for accelerating the protojet out of the cone. Indeed, the case of an inviscid, perfectly insulating fluid was shown theoretically by Zubarev (29) , for sufficiently large κ, to result in a conic cusping singularity (i.e., the curvature at the tip of the developing Taylor cone goes to infinity in finite time) rather than tip-streaming.
The limit as β → 0, on the other hand, may be realized if the drop is perfectly conducting (σ → ∞ and hence t e → 0). Because E t = 0 at the surface of a perfect conductor, a tangential electric stress, τ e , cannot develop along S f for such a fluid. Therefore, the mechanism responsible for EHD tip-streaming suggests that perfectly conducting fluids should not tip-stream. Simulations in the closely related problem of thin films subjected to electric fields show that perfectly conducting films t e → 0 of nonzero viscosity t μ ≠ 0 exhibit a conic cusping singularity (10) . Moreover, Zubarev (30) showed theoretically that a conic cusping singularity results in the case of an inviscid, perfectly conducting fluid as well. Therefore, as the limit of β → 0 is approached, we anticipate that r* will become progressively smaller, with tipstreaming eventually giving way to the conic cusping singularity predicted from analyses of perfectly conducting fluids. Fig. 3 shows how r* and Q* obtained from our simulations vary with β at fixed κ. Three distinct scaling regimes are observed: (i) For β < 5, i.e., for fluids of relatively large conductivity, r* ∝ β 2/3 , whereas Q* ∝ β. When expressed in dimensional form, these relations become r ∝ ðγ«
. This scaling regime, in which the radius of and the charge carried by the small droplets are independent of viscosity and which has been obtained here from simulations, is analogous to the experimentally oft-studied scaling regime in steady cone-jetting of highly conducting fluids (see below). (ii) For 5 < β < 50, i.e., for moderately conducting fluids, r* ∝ β 1/2 and Q* ∝ β 3/4 . This scaling regime that is reported here was heretofore unknown in the literature. (iii) At β ∼ 50, a transition occurs in the scaling of both r* and Q*, above which, i.e., for fluids of relatively small conductivity, r* ∝ β 1/3 and Q* ∝ β 1/2 . The latter scaling law for r* was reported in our recent study of tip-streaming from a fluid film in the same portion of the (β, κ) space (10), giving further credence to the idea that tip-streaming is independent of the boundary conditions of the problem considered. For β > 200, the latter scalings for r* and Q* give way to a region of decreasing dependence on β, where the β dependence of both quantities eventually is lost.
A highly noteworthy outcome of the above analysis is that for the entire portion of (β, κ) space, Q* ∝ r* 3/2 and the constant of proportionality is independent of both β and κ (Fig. 4 ). Because this relationship is obeyed in all three scaling regimes for r* and Q* described above, this expression is the most fundamental scaling law for EHD tip-streaming from semi-insulating liquids. It also has the most important implications. When recast in terms of the dimensional droplet charge Q, it is equivalent to Q = 0:44 Q R . This means that droplets formed from cone-jetting are, at least at the point of formation, coulombically stable, i.e., they do not carry sufficient charge at that point to break up into still smaller droplets. We may infer from this that an aerosol resulting from EHD tip-streaming should be roughly as monodisperse as the droplets formed from capillary pinching of tip-streaming jetswhich are quite monodisperse indeed. It also is noteworthy that in a recent experimental study, Mabbett et al. (24) measured the charge on electrospray droplets and showed that the distribution of charge on the droplets peaks at ≈ 0:40 Q R . The close agreement between the measurements of ref. 24 and our simulations lends further credence to the accuracy of the scaling laws developed in this paper.
In the far more widely studied problem of steady cone-jetting, an electrified drop pendant from a capillary is used to create a steady spray of charged droplets. Liquid is supplied through the capillary at a flow rate F just sufficient to replace the liquid lost in the spraying process, and the structure of the Taylor cone and the portion of the emitted jet sufficiently upstream of the breakup region are time invariant. Several scaling laws have been proposed to describe how the emitted current Ĩ and droplet size r vary with F , the most popular of which perhaps is due to Fernández de la Mora and Loscertales (17) , hereafter referred to as FDML. We now seek to determine how well their scaling laws for steady cone-jetting can describe, with some slight modifications, the decidedly unsteady cone-jetting process examined in this work. We can determine how Q should vary with r according to any of the scaling laws developed for steady cone-jetting by noting that Ĩ ∝ Q=t † and F ∝ r Therefore, without having to make any assumptions about t † , Q ∝ r 3 Ĩ=F . Hence, using FDML's scaling laws that r ∝ ðF t e Þ 1=3 and I ∝ ðγσFÞ 1=2 , we find that droplet size and charge should be given by First, it is worth noting that Eq. 7 may be combined to show that Q ∝ r 3=2 , in accordance with the simulations. We next examine the consequences of choosing F by suitably combining fluid properties with matching dimensions, as there is no external flow rate for the problem considered in this work. Previous researchers, including FDML, in exploring steady cone-jetting have argued that viscosity plays no role in determining the size of the fine jet when the fluid conductivity is large. A flow rate scale independent of viscosity μ is given by F = F e ≡ ðγ« L =ρσÞ. Substitution of this expression into Eq. 7 results in the following two scaling laws-r* ∝ β 2/3 , Q* ∝ β-which are precisely those obtained using the simulation results reported in Fig. 3 . It is noteworthy that the quantity (γ« l /ρσ) was identified by several previous researchers as the minimum flow rate for steady cone-jetting of highly conducting fluids (17, 31) . Dimensional analysis suggests F = F μ ≡ l 3 μ =t μ as the characteristic flow rate scale when viscous effects are dominant. Using this expression in Eq. 7 yields the scaling laws r* ∝ β 1/3 and Q* ∝ β
, which also are consistent with our simulation results. Finally, using a geometric mean of the two previously introduced flow rate scales ðF μ F e Þ 1=2 as a characteristic scale, we recover the scaling laws r* ∝ β Although the sizes of droplets immediately after they are created and their size distribution anywhere in an aerosol produced in electrospraying can be measured readily, experimentally determining the charge of such droplets at the instance of their formation is a formidable challenge. Indeed, the droplets may (i) deform, oscillate, and break as a result of aerodynamic and other forces (2, 13, 32); (ii) interact, collide, and possibly coalesce (33) with one another and with solid surfaces; and (iii) evaporate and shrink before their charge can be measured (24) . Thus, there has been considerable variation in the experimentally reported values of droplet charge. We have used simulation to show that the charge of daughter electrospray droplets equals 44% of the Rayleigh limit (0.44 Q R ) at the instant they are formed from the disintegration of an uncharged parent drop in an electric field. A question of broad significance is whether the value of 0.44 Q R is even more universal than implied here such that it holds for other systems. It now is known that isolated drops charged to the Rayleigh limit also disintegrate in the same manner as the uncharged drops of this paper (23) . A study along these lines recently was carried out for the limiting case of an inviscid drop (34) . Whether droplets produced by EHD tip-streaming from isolated drops of finite viscosity charged to the Rayleigh limit also bear charge equal to 44% of the Rayleigh limit is left as an open problem. Raindrops both bear net charge and are subjected to an external electric field (21, 35, 36) . Hence, such drops form one conical end from which they emit a single tipstreaming jet. How much charge droplets produced from the breakup of the tip-streaming jet carry in this case also is not known.
The approach used here may be used to settle several inadequately resolved issues and to bring the power of simulation to bear on a host of concepts in EHD tip-streaming that have been studied almost exclusively by experimentation. Among these problems are differences and similarities between transient and steady tipstreaming, the latter of which has attracted much attention over the past quarter-century. However, equally important are relatively new physical situations that may be studied with the algorithm developed in this paper that involve pulsed cone-jetting from pendant drops (37) , complex electrified drop formation phenomena involving leaky faucets (38) , and even unique routes to EHD drop generation for advanced material science applications (39) .
The approach presented here may lead to even more fruitful research endeavors. First, both the uncharged parent drop subject to an external electric field and the charged daughter droplets produced by EHD tip-streaming can be set into oscillations, as already pointed out in the paragraph before last. Grigorev and coworkers (40, 41) used high-order perturbation analyses to show that both EHD fissioning and jetting may be affected by drop shape oscillations. Therefore, it would be highly instructive to carry out simulations in which the initial conditions are not ones for which the drops are quiescent spheres, as in this paper. The analysis presented here applies to situations in which a drop is indefinitely far from other drops. In several applications discussed in the introduction, drop breakup occurs in the presence of adjacent drops. A pioneering study (32) simulated the electrically induced interaction between pairs of drops of inviscid, perfectly conducting fluids. Although these authors demonstrated that the critical field strength for disintegration increased with separation and asymptotically approached the Taylor limit, they could not simulate the emission of tip-streaming jets from the tips of adjacent drops. More recent work (42) examined interactions of pairs of leaky dielectric drops in an electric field using boundary integral methods under Stokes flow conditions. Therefore, applying the simulation tools reported here to situations in which both finite inertia and finite charge relaxation are important when a pair of nearby drops is subjected to an electric field remains an open problem in fluid mechanics. In several applications including ESI-MS, once charged daughter droplets are produced by EHD tipstreaming, each generation of droplets formed evaporate, reach the Rayleigh limit, and undergo coulombic explosions (12, 23) . In this paper, drop disintegration has been analyzed in the absence of evaporation. Variants of the algorithm used here have been developed to analyze multiphase viscous free surface flows with interphase mass transfer (43) . Hence, it should be readily possible to study EHD tip-streaming in the presence of evaporation.
Materials and Methods
Oscillations of Charged Drops. When Q < Q R , Rayleigh (1) calculated the frequencies of small-amplitude oscillations of a drop of an inviscid, perfectly conducting fluid. Effects of nonlinearity were taken up by Tsamopoulos and Brown (44) , who used a multiple-timescale expansion to analyze the moderate-amplitude oscillations of a drop of an inviscid, perfectly conducting fluid. They showed that the oscillation frequency decreases with amplitude and demonstrated resonant interactions between the fundamental mode and other harmonics. Zharov et al. (45, 46) extended these results for drops of perfectly conducting fluids (44) to more complex situations, including obtaining higher-order perturbation results for inviscid oscillations (45) and accounting for viscous effects in nonlinear oscillations (46) . Problem Description. The system consists of an uncharged drop (Ω L ) surrounded by an insulating gas (Ω G ). The drop, a Taylor-Melcher leaky dielectric or semi-insulating liquid (25, 26) of finite conductivity, is an incompressible Newtonian fluid of density ρ, viscosity μ, permittivity « L , and conductivity σ. The gas has permittivity « G . The surface tension γ of the liquid-gas (L-G) interface (S f ) and the physical properties of the two phases are constant and spatially uniform. Initially, the drop is a sphere of radius R . For times t ≥ 0, the drop is subjected to an external electric field that at large distances from the drop approaches a constant value Ẽ 0 .
Dimensionless Numbers. The problem is cast into dimensionless form using R as length scale, capillary time t c ≡ ðρR Boundary Conditions. Only one quadrant of (x, z) space, where x ≡ x=R and z ≡ z=R denote the dimensionless radial and axial coordinates in a cylindrical coordinate system with its origin based at the center of the drop, must be considered because of axisymmetry about the center line x = 0 and symmetry about the midplane z = 0. Far from the drop, the electric potential asymptotically approaches −L cos θ, where L ≡ L=R is the distance measured from the origin and θ is the cone angle measured from the axis of symmetry.
In the simulations, the domain exterior to the drop is a sphere of large but finite radius L where this boundary condition is imposed. Testing has shown that a value of L = 7.5 is sufficient to produce results independent of L.
Numerics. Eqs. 1-4 are solved simultaneously as an initial-boundary-value problem by a fully implicit, method of lines, arbitrary Lagrangian-Eulerian algorithm using the Galerkin finite element method with elliptic mesh generation and an adaptive time integrator (compare ref. 10).
Bond Number Independence. In addition, both r* and Q* should be independent of Γ if EHD tip-streaming is independent of the global length scales and the applied electric field strength. This criterion is found to hold as simulations show that both r* and Q* vary negligibly with Γ for Γ > Γ T = 0.105, where Γ T , the Taylor limit (9), is the value of Γ above which an uncharged drop subjected to an electric field becomes unstable.
